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RESONANCES IN LOEWNER EQUATIONS
LEANDRO AROSIO
Abstract. We prove that given a Herglotz vector field on the unit ball of Cn of the
form H(z, t) = (a1z1, . . . , anzn) + O(|z|2) with Reaj < 0 for all j, its evolution family
admits an associated Loewner chain, which is normal if no real resonances occur. Hence
the Loewner-Kufarev PDE admits a solution defined for all positive times.
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1. Introduction
Classical Loewner theory in the unit disc D ⊂ C was introduced by C. Loewner in 1923
[14] and developed with contributions of P.P. Kufarev in 1943 [12] and C. Pommerenke in
1965 [16], and has been since then used to prove several deep results in geometric function
theory [11]. Loewner theory is one of the main ingredients of the proof of the Bieberbach
conjecture given by de Branges [6] (see also [8]) in 1985.
Among the extensions of classical Loewner theory we recall the chordal Loewner theory
[13], the celebrated theory of Schramm-Loewner evolution [18] introduced in 1999 and the
theory of Loewner chains in several complex variables [15][7][10].
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2 L. AROSIO
In [3][4] it is proposed a generalization of both the radial and chordal theories. It
is shown that on complete hyperbolic manifolds there is a one-to-one correspondence
between certain semicomplete non-autonomous holomorphic vector fields (called Herglotz
vector fields and denoted H(z, t)) and families (ϕs,t)0≤s≤t of holomorphic self-maps called
evolution families. Indeed, if H(z, t) is a Herglotz vector field, then the family (ϕs,t) of
evolution operators for the Loewner-Kufarev ODE
•
z(t) = H(z, t), t ≥ 0, z ∈ B, (1.1)
is an evolution family. Conversely, any evolution family is the family of evolution operators
for some Loewner-Kufarev ODE.
In [5] it is proved that in dimension one evolution families are (up to biholomorphism)
in one-to-one correspondence with image-growing families (fs)s≥0 of univalent mappings
fs : D→ C called Loewner chains. Namely given any Loewner chain (fs) the family (ϕs,t)
defined by
ϕs,t = f
−1
t ◦ fs
is an evolution family, which is said to be associated to (fs). Conversely given any evolution
family, there exists an associated Loewner chain. Composing the two correspondences
above we obtain the correspondence between Loewner chains and Herglotz vector fields:
H(z, t) is associated to (fs) if and only if the mapping t 7→ ft is a global solution for the
Loewner-Kufarev PDE
∂ft(z)
∂t
= −f ′t(z)H(z, t), t ≥ 0, z ∈ D. (1.2)
Let N be an integer greater or equal to 2, and let B be the unit ball of CN . A Loewner
chain on B is an image-growing family (fs)s≥0 of univalent mappings fs : B→ CN . Every
Loewner chain admits an associated evolution family, but it is not known whether the
converse is true. In [1] it is proposed an abstract approach to the notion of Loewner
chain. Let M be an N -dimensional complete hyperbolic complex manifold. An abstract
Loewner chain is an image-growing family (fs) of univalent mappings defined onM which
are allowed to take values on an arbitrary N -dimensional complex manifold. In [1] it
is shown that to any evolution family (ϕs,t) on M there corresponds a unique (up to
biholomorphisms) abstract Loewner chain (fs). In this way one can define the Loewner
range manifold of (ϕs,t)
Lr (ϕs,t) =
⋃
s≥0
fs(M)
which is well defined and unique up to biholomorphism. Hence the classical problem of
finding a Loewner chain (with values in CN ) associated to a given evolution family (ϕs,t)
of the unit ball B ⊂ CN corresponds to investigating whether the Loewner range manifold
Lr (ϕs,t) embeds holomorphically in C
N .
RESONANCES IN LOEWNER EQUATIONS 3
In this paper we investigate this problem for a special type of evolution families on B.
Let Λ be an (N ×N)-complex matrix
Λ = Diag(α1, . . . , αN), where ReαN ≤ · · · ≤ Reα1 < 0. (1.3)
We define a dilation evolution family as an evolution family (ϕs,t) on the unit ball B ⊂ CN
satisfying
ϕs,t(z) = e
Λ(t−s)z +O(|z|2).
A normal Loewner chain is a Loewner chain (fs) such that
(1) fs(z) = e
−Λsz +O(|z|2),
(2) (hs) is a normal family.
Notice that each hs = e
Λsfs fixes the origin and is tangent to identity in the origin (we
say hs ∈ Tang1(CN , 0)).
Problem 1.1. Given a dilation evolution family, does there exist an associated Loewner
chain (with values in CN)?
An affirmative answer to Problem 1.1 would yield as a consequence that any Loewner-
Kufarev PDE
∂ft(z)
∂t
= −dzftH(z, t), t ≥ 0, z ∈ B, (1.4)
where H(z, t) = Λz+O(|z|2) (in this case the equation is known as the Loewner PDE), ad-
mits global solutions. A partial answer may be obtained by simply combining [7, Theorem
3.1] and [10, Theorems 2.3, 2.6]:
Theorem 1.2. Let (ϕs,t) be a dilation evolution family such that the eigenvalues of Λ
satisfy
2Reα1 < ReαN . (1.5)
Then there exists a normal Loewner chain (fs) associated to (ϕs,t), such that
⋃
s fs(B) =
CN , hence Lr (ϕs,t) = C
N . This chain is given by
fs = lim
t→+∞
e−Λtϕs,t, (1.6)
where the limit is taken in the topology of uniform convergence on compacta, and it is the
unique normal Loewner chain associated to (ϕs,t). A family of univalent mappings (gs) is
a Loewner chain associated to (ϕs,t) if and only if there exists an entire univalent mapping
Ψ on CN such that
gs = Ψ ◦ fs.
The main result of this paper gives an affirmative answer to Problem 1.1, without
assuming condition (1.5).
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Theorem 8.6. Let (ϕs,t) be a dilation evolution family. Then there exists a Loewner
chain (fs) associated to (ϕs,t), such that
⋃
s fs(B) = C
N , hence Lr (ϕs,t) = C
N . If no real
resonances occur among the eigenvalues of Λ, then (fs) is a normal chain, not necessarily
unique. A family of univalent mappings (gs) is a Loewner chain associated to (ϕs,t) if and
only if there exists an entire univalent mapping Ψ on CN such that
gs = Ψ ◦ fs.
Notice that (1.5) is a classical condition which ensures the existence of a solution for
the Schro¨der functional equation. In fact we will see that normal Loewner chains corre-
spond to solutions of a parametric Schro¨der equation. Let us first recall some facts about
linearization of germs.
Let ϕ(z) = eΛz + O(|z|2) be a holomorphic germ at the origin of CN , where Λ is a
matrix satisfying (1.3). If h ∈ Tang1(CN , 0) is a solution of the Schro¨der equation
h ◦ ϕ = eΛh, (1.7)
we say that h linearizes ϕ. It is not always possible to solve this equation, indeed there
can occur complex resonances among the eigenvalues of Λ, that is algebraic identities
N∑
j=1
kjαj = αl,
where kj ≥ 0 and
∑
j kj ≥ 2, which are obstructions to linearization (the term “complex”
is not standard and is here used to distinguish from real resonances, defined below). Indeed
a celebrated theorem of Poincare´ (see for example [17, pp. 80–86]) states that if no complex
resonances occur, then there exists a solution h for (1.7). If moreover 2Reα1 < ReαN then
h is given by limn→+∞ e
−Λnϕ◦n.
In our case we are interested in the following parametric Schro¨der equation
hm ◦ ϕn,m = eΛ(m−n)hn, (1.8)
where (ϕn,m) is the discrete analogue of a dilation evolution family. We search for a solution
(hn) which is a normal family of univalent mappings in Tang1(C
N , 0). The parametric
Schro¨der equation admits such a solution (hn) if and only if (ϕn,m) admits a discrete
normal Loewner chain (fn), and
(fn) = (e
−Λnhn).
There are surprising differences between the Schro¨der functional equation (1.7) and
(1.8). Namely, while in the first complex resonances are obstructions to the existence of
formal solutions, in the latter there always exists the holomorphic solution hn = e
Λnϕ−10,n,
but the domain of definition of the mapping hn shrinks as n grows. If, as we need, we
look for solutions which are all defined in the unit ball B, then we find as obstructions
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real resonances among the eigenvalues of Λ, that is algebraic identities
Re (
N∑
j=1
kjαj) = Reαl,
where kj ≥ 0 and
∑
j kj ≥ 2. If real resonances occur we solve a slightly different equation:
hm ◦ ϕn,m = Tn,m ◦ hn,
where (Tn,m) is a suitable triangular evolution family, finding this way a non-necessarily
normal discrete Loewner chain associated to (ϕn,m).
Once we solved the problem for discrete times, we solve the problem for continuous
times: we discretize a given continuous dilation evolution family (ϕs,t) obtaining a discrete
dilation evolution family (ϕn,m), and we take the associated discrete Loewner chain (fn).
Then we extend (fn) to all real positive times obtaining this way a Loewner chain (fs)
and Theorem 8.6 above.
We give examples of
(1) a dilation evolution family with no real resonances and several associated normal
Loewner chains,
(2) a semigroup-type dilation evolution family with complex resonances which does
not admit any associated normal Loewner chain,
(3) a discrete dilation evolution family with pure real resonances (real non-complex
resonances) which does not admit any discrete normal Loewner chain,
(4) a discrete evolution family not of dilation type which does not admit any associated
discrete Loewner chain (with values in CN).
I want to thank Prof. F. Bracci for suggesting the problem and for his precious
help. After writing the preliminary version of this paper, I became acquainted with the
work of M. Voda “Solution of a Loewner chain equation in several complex variables”
(arXiv:1006.3286v1 [math.CV], 2010), where an analogue of Theorem 8.6 is proved with
completely different methods. I want to thank Prof. M. Contreras for informing me about
this work. I want to thank M. Voda and the referee for precious comments and remarks.
2. Preliminaries
The following is a several variables version of the Schwarz Lemma [11, Lemma 6.1.28].
Lemma 2.1. Let M > 0 and f : B → CN be a holomorphic mapping fixing the origin
and bounded by M . Then for z in the ball, |f(z)| ≤M |z|. If there is a point z0 ∈ B \ {0}
such that |f(z0)| = M |z0|, then |f(ζz0)| = M |ζz0| for all |ζ | < 1/|z0|. Moreover, if
f(z) = O(|z|k), k ≥ 2, then for z in the ball, |f(z)| ≤M |z|k.
Let Fr,M,A be the family of holomorphic mappings f : rB→ CN , bounded by M , fixing
the origin and with common differential Az at the origin satisfying ‖A‖ < 1.
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Lemma 2.2. For each f ∈ Fr,M,A, we have |f(z)− Az| ≤ C|z|2, where C = C(r,M,A).
If moreover f(z) − Az = O(|z|k) for k ≥ 3, then |f(z) − Az| ≤ Ck|z|k, where Ck =
Ck(r,M,A).
Proof. Setting Ck =M/r
k + ‖A‖/rk−1, the result follows from the previous lemma. 
As a consequence we get the following
Lemma 2.3. For each f ∈ Fr,M,A we have the following estimate: to each ‖A‖ < α < 1
there corresponds s > 0, s = s(r,M,A) such that |f(z)| ≤ α|z|, if |z| ≤ s.
Proof. We proceed by contradiction: assume there exist a sequence fn ∈ Fr,M,A and a
sequence of points zn converging to the origin verifying |fn(zn)| > α|zn|. We have
|fn(zn)| = |Axn + fn(zn)− Azn| ≤ |Azn|+ C|zn|2,
thus
α <
|fn(zn)|
|zn| ≤
|Azn|
|zn| + C|zn|,
but the right-hand term has lim sup less or equal than ‖A‖, which is the desired contra-
diction. 
Lemma 2.4. For each f ∈ Fr,r,A we have the following estimate: to each s < r there
corresponds K < 1, K = K(r, A), such that |f(z)| ≤ K|z|, if |z| ≤ s.
Proof. Assume the contrary: suppose there exist a sequence fn ∈ Fr,r,A and a sequence of
points zn in sB verifying |fn(zn)| > (1 − 1/n)|zn|. Up to subsequences we have zn → z′
for some z′ such that |z′| ≤ s, and fn → f uniformly on compacta since Fr,r,A is a normal
family. If z′ 6= 0 we have
1− 1
n
<
|fn(zn)|
|zn| →
|f(z′)|
|z′| ,
and |f(z′)|/|z′| < 1 by Lemma 2.1, which is a contradiction. If z′ = 0, using again Lemma
2.2 we get
1− 1
n
<
|fn(zn)|
|zn| ≤
|Azn|
|zn| + C|zn|,
and the right-hand term has lim sup less than or equal to ‖A‖, contradiction. 
Lemma 2.5. Suppose that D is an open set in CN containing the origin. Suppose we have
an uniformly bounded family H of holomorphic mappings h : D → CN in Tang1(CN , 0).
Then there exist a ball rB ⊂ D such that every h ∈ H is univalent on rB, and a ball sB
such that sB ⊂ h(rB) for all h ∈ H.
Proof. Suppose there does not exist a ball rB ⊂ D such that every h ∈ H is univalent on
rB. Since H is a normal family there exists a sequence hn → f uniformly on compacta,
and such that there does not exist a ball rB ⊂ D with the property that every hn is
univalent on rB. Since f ∈ Tang1(CN , 0) there exists a ball where f is univalent. We can
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now apply [11, Theorem 6.1.18], getting a contradiction. Assume now there does not exist
a ball contained in each h(rB). Again there is a sequence h′n → f ′ uniformly on compacta,
such that there does not exist a ball sB ⊂ ⋂ h′n(rB). The contradiction is then given by
[1, Proposition 3.1]. 
3. Discrete evolution families and discrete Loewner chains
Let A be a complex (N ×N)-matrix
A = Diag(λ1, . . . , λn), 0 < |λN | ≤ · · · ≤ |λ1| < 1. (3.1)
Definition 3.1. We define a discrete evolution family on a domain D ⊆ CN as a family
(ϕn,m)n≤m∈N (sometimes denoted by (ϕn,m;D)) of univalent self-mappings of D, which
satisfies the semigroup conditions:
ϕn,n = id, ϕl,m ◦ ϕn,l = ϕn,m,
where 0 ≤ n ≤ l ≤ m. Such a family is clearly determined by the subfamily (ϕn,n+1). A
dilation discrete evolution family is a discrete evolution family such that
0 ∈ D, ϕn,n+1(0) = 0, ϕn,n+1(z) = Az +O(|z|2) for all n ≥ 0. (3.2)
Definition 3.2. A family (fn)n∈N of holomorphic mappings fn : D → CN is a discrete
subordination chain if for each n < m the mapping fn is subordinate to fm, that is, there
exists a holomorphic mapping (called transition mapping) ϕn,m : D → D such that
fn = fm ◦ ϕn,m.
It is easy to see that the family of transition mappings of a subordination chain satisfies
the semigroup property. If a subordination chain (fn) admits transition mappings ϕn,m
which form a discrete evolution family (namely, ϕn,m are univalent) we say that (fn) is
associated to (ϕn,m).
Definition 3.3. We define a discrete Loewner chain as a subordination chain (fn) such
that every fn is univalent. In this case every transition mapping ϕn,m is univalent and
uniquely determined. Thus the transition mappings form a discrete evolution family. A
Loewner chain (fn) is normalized if f0(0) = 0 and d0f0 = Id. A dilation discrete Loewner
chain is a discrete Loewner chain such that
fn(z) = A
−nz +O(|z|2).
Following Pommerenke [16], we call a dilation Loewner chain normal if (Anfn) is a normal
family.
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4. Triangular discrete evolution families
Recall that a triangular automorphism is a mapping T : CN → CN of the form
T (1)(z) = λ1z1,
T (2)(z) = λ2z2 + t
(2)(z1),
T (3)(z) = λ3z3 + t
(3)(z1, z2),
...
T (N)(z) = λNzN + t
(N)(z1, z2, . . . , zN−1),
where 0 < |λj| < 1, and t(i) is a polynomial in i − 1 variables, with all terms of degree
greater or equal 2. This is indeed an automorphism, since we can iteratively write its
inverse, which is still a triangular automorphism:
z1 =
w1
λ1
,
z2 =
w2
λ2
− 1
λ2
t(2)(z1),
...
zN =
wN
λN
− 1
λN
t(N)(z1, z2, . . . , zN−1).
(4.1)
Definition 4.1. The degree of T is maxi deg T
(i).We define a triangular evolution family
as a discrete dilation evolution family (Tn,m) of C
N such that each Tn,n+1, and hence every
Tn,m, is a triangular automorphism. We denote T
(j)
n,n+1(z) = λjzj + t
(j)
n,n+1(z1, z2, . . . , zj−1)
for all n ≥ 0 and all 1 ≤ j ≤ N . We denote
Tm,n = T
−1
n,m, 0 ≤ n ≤ m.
We say that a triangular evolution family (Tn,m) has bounded coefficients if the family
(Tn,n+1) has uniformly bounded coefficients, and we say that it has bounded degree if
supn deg Tn,n+1 <∞.
We can easily find a Loewner chain associated to a triangular evolution family:
(fn) = (Tn,0) = (T
−1
0,n).
Indeed,
fm ◦ Tn,m = Tm,0 ◦ Tn,m = Tn,0 = fn.
The following lemmas are just adaptations of [17, Lemma 1, p.80].
Lemma 4.2. Assume that supn deg Tn,n+1 <∞, then supn deg T0,n <∞.
Proof. Set for j = 1, . . . , N ,
µ(j) = max
n
deg T
(j)
n,n+1.
We denote by S(m, k) the property
deg T
(j)
0,k ≤ µ(1) · · ·µ(j), 1 ≤ j ≤ m.
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Since T0,k+1 = Tk,k+1 ◦ T0,k, we have
T
(j)
0,k+1 = λjT
(j)
0,k + t
(j)
k,k+1(T
(1)
0,k , . . . , T
(j−1)
0,k ), 2 ≤ j ≤ N,
thus S(m, k + 1) follows from S(m, k) and S(m − 1, k). Since S(1, k) and S(m, 1) are
obviously true for all k and m (note that µ(1) = 1, and µ(j) ≥ 1, for every j), S(N, k)
follows by induction. Hence
deg T0,k ≤ µ(1) · · ·µ(N).

Lemma 4.3. Let (Tn,m) be a triangular evolution family of bounded degree and bounded
coefficients. Let ∆ be the unit polydisc. Then there exists a constant γ > 0 such that
Tk,0(∆) ⊂ γk∆, k ≥ 1.
Proof. The family (Tn+1,n) of inverses of (Tn,n+1) has bounded coefficients. Indeed the
family (Tn,n+1) has bounded coefficients, and the assertion follows by looking at (4.1).
Likewise, supn deg Tn,0 <∞, since supn deg T0,n <∞. Hence there exists C ≥ 1 such that
|T (j)n+1,n(z)| ≤ C for z ∈ ∆, 1 ≤ j ≤ N, and there exists d = maxn deg Tn,0. Let M be the
number of multi-indices I = (i1, . . . , iN ) with |I| ≤ d, and set γ =MCd, we claim that
|T (j)k,0(z)| ≤ γk, for z ∈ ∆, j = 1, . . . , N. (4.2)
We proceed by induction on k. Since C ≤ γ, (4.2) holds for k = 1. Assume (4.2) holds for
some k ≥ 1. By Cauchy estimates the coefficients in T (j)k,0(z) =
∑
|I|≤d aIz
I satisfy
|aI | ≤ γk.
Since Tk+1,0 = Tk,0 ◦ Tk+1,k, we have
T
(j)
k+1,0 = T
(j)
k,0 (T
(1)
k+1,k, . . . , T
(N)
k+1,k) =
∑
|I|≤d
aI(T
(1)
k+1,k)
i1 · · · (T (N)k+1,k)iN .
Then
|T (j)k+1,0| ≤MCdγk = γk+1.

Corollary 4.4. Let (Tn,m) be a triangular evolution family of bounded degree and bounded
coefficients. Let 1
2
∆ be the polydisc of radius (1/2). Then there exists β ≥ 0 such that for
all k ≥ 1 and all z, z′ ∈ 1
2
∆,
|Tk,0(z)− Tk,0(z′)| ≤ βk|z − z′|.
Proof. Recall that ∆ ⊂ √NB and that if B = (bij) is a complex (N ×N)-matrix, then
‖B‖ ≤ N max
i,j
|bij |.
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If z ∈ (1/2)∆, then by Cauchy estimates and Lemma 4.3,
‖dzTk,0‖ ≤ 2N
√
Nγk.
The result follows setting β = 2N
√
Nγ. 
Lemma 4.5. Let (Tn,m) be a triangular evolution family, with bounded degree and bounded
coefficients. Then T0,n(z)→ 0 uniformly on compacta. Hence for each neighborhood V of
0 we have
∞⋃
n=1
Tn,0(V ) = C
N .
Proof. Let K be a compact set in CN . We proceed by induction on i. Notice that T
(1)
0,k (z) =
λk1z1, hence if ‖ · ‖ denotes the sup-norm on K, we have ‖T (1)0,k ‖ → 0. Let 1 < i ≤ N and
assume that limk→∞ ‖T (j)0,k‖ = 0, for 1 ≤ j < i. On K
lim
k→∞
‖t(i)k,k+1(T (1)0,k , . . . , T (i−1)0,k )‖ = 0,
since the family (t
(i)
k,k+1) has uniformly bounded coefficients and uniformly bounded degree.
Notice that
T
(i)
0,k+1 = λiT
(i)
0,k + t
(i)
k,k+1(T
(1)
0,k , . . . , T
(i−1)
0,k ), 2 ≤ i ≤ N. (4.3)
Hence, for each ε > 0, |T (i)0,k+1| ≤ |λi‖T (i)0,k| + ε, on K for k large enough. Therefore
lim supk→∞ ‖T (i)0,k‖ = 0, concluding the induction. 
5. Existence of discrete dilation Loewner chains: nearly-triangular
case
We are going to prove the existence of Loewner chains associated to a given discrete
dilation evolution family by conjugating it to a triangular evolution family by means of a
time dependent intertwining map. In this perspective, we shall see that normal Loewner
chains correspond to time dependent linearizations of the evolution family.
Definition 5.1. Let D ⊂ CN be a domain containing 0. Given two discrete dilation
evolution families (ϕn,m; tB), (ψn,m;D) suppose there exists, in a ball rB ⊂ tB, a normal
family of univalent mappings hn : rB→ D in Tang1(CN , 0), such that
hm ◦ ϕn,m = ψn,m ◦ hn, 0 ≤ n ≤ m, (5.1)
then we shall say that (hn) conjugates (ϕn,m) to (ψn,m).
Notice that if (ϕn,m) is conjugate to (ψn,m) then necessarily d0ϕn,m = d0ψn,m. Let
(ϕn,m; tB) be a discrete dilation evolution family, and let rB ⊂ tB. Then rB is invariant
for every ϕn,n+1, and hence (ϕn,m; tB) restricts to an evolution family (ϕn,m; rB).
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Lemma 5.2. Let 0 < r < t. Let (ϕn,m; tB) be a discrete dilation evolution family. Suppose
there exists a Loewner chain (fn) associated to the evolution family (ϕn,m; rB). Then there
exists a Loewner chain (f en) associated to (ϕn,m; tB) which extends (fn) in the following
sense:
f en(z) = fn(z), z ∈ rB, n ≥ 0.
Proof. Fix n ≥ 0. Let 0 < r ≤ s < t. Let k(s) ≥ n be the least integer such that
ϕn,k(s)(sB) ⊂ rB (which exists by Lemma 2.4). Define
f en(z) = fk(s)(ϕn,k(s)(z)), z ∈ sB.
A priori the value f en(z) depends on s. However if 0 < r ≤ s < u < t, then k(u) ≥ k(s),
thus
fk(u)(ϕn,k(u)(z)) = fk(u)(ϕk(s),k(u)(ϕn,k(s)(z))) = fk(s)(ϕn,k(s)(z)), for all z ∈ sB.
Therefore f en is well defined on tB. Notice that since k(r) = n,
f en|rB = fn(ϕn,n(z)) = fn.
It is easy to see that f en is holomorphic and injective and that (f
e
n) is a Loewner chain
associated to (ϕn,m; tB). 
Notice that the extended chain (f en) can also be defined by
f en(z) = lim
m→∞
fm ◦ ϕn,m(z), z ∈ tB. (5.2)
Now we can show how conjugations allow us to pull-back Loewner chains:
Remark 5.3. Suppose that (hn), defined on rB, conjugates (ϕn,m; tB) to (ψn,m;D), and
assume that (fn) is a Loewner chain associated to (ψn,m). The pull-back chain (fn ◦ hn)
on rB is easily seen to be associated to (ϕn,m; rB). By Lemma 5.2 one can extend (fn ◦hn)
to all of tB obtaining a Loewner chain associated to (ϕn,m; tB) and defined by
(fn ◦ hn)e(z) = lim
m→∞
fm ◦ hm ◦ ϕn,m(z), z ∈ tB. (5.3)
If (hn) conjugates an evolution family (ϕn,m; tB) to a triangular evolution family (Tn,m),
a Loewner chain associated to (ϕn,m) is given by the functions (Tn,0 ◦hn)e. If in particular
(hn) linearizes the given evolution family, that is Tn,m(z) = A
m−nz, we obtain this way a
normal Loewner chain (A−nhn). Hence one has the following
Proposition 5.4. A discrete dilation evolution family (ϕn,m) admits a normal Loewner
chain if and only if there exists a normal family (hn) of univalent mappings in Tang1(C
N , 0)
which conjugates it to its linear part:
hm ◦ ϕn,m = Am−nhn, 0 ≤ n ≤ m.
Next we show how to find conjugations, provided we start with a discrete dilation
evolution family close enough to a triangular evolution family.
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Proposition 5.5. Suppose that (ϕn,m; tB) is a discrete dilation evolution family, and that
(Tn,m) is a triangular evolution family with bounded degree and bounded coefficients. Let
β be the constant given by Corollary 4.4 for (Tn,m), and let k be an integer such that
|λ1|k < 1
β
.
If for each n ≥ 0 we have
ϕn,n+1(z)− Tn,n+1(z) = O(|z|k),
then (ϕn,m) is conjugate to (Tn,m).
Proof. Choose |λ1| < c < 1 such that ck < 1/β. Lemma 2.3 gives us r > 0 (we can assume
0 < r < min{1/2, t}) such that on rB we have |ϕn,n+1(z)| ≤ c|z| and |Tn,n+1(z)| ≤ c|z| for
all n ≥ 0. Thus for z ∈ rB we have |ϕ0,n(z)| < rcn. Thanks to Lemma 2.2 we have
|ϕn,n+1(ζ)− Tn,n+1(ζ)| ≤ C|ζ |k,
hence
|ϕ0,n+1(z)−Tn,n+1 ◦ϕ0,n(z)| = |ϕn,n+1 ◦ϕ0,n(z)−Tn,n+1 ◦ϕ0,n(z)| ≤ C|ϕ0,n(z)|k ≤ Crkckn.
The sequence Tn,0 ◦ ϕ0,n(z) verifies
|Tn+1,0 ◦ ϕ0,n+1(z)− Tn,0 ◦ ϕ0,n(z)| = |Tn+1,0 ◦ ϕ0,n+1(z)− (Tn+1,0 ◦ Tn,n+1) ◦ ϕ0,n(z)|
≤ βn+1|ϕ0,n+1(z)− Tn,n+1 ◦ ϕ0,n(z)|
≤ βn+1Crkckn
=
(
ckβ
)n
Crkβ,
where we used Corollary 4.4 (notice that since r < 1/2, we have |ϕ0,n+1(z)| < cn+1/2 and
|Tn,n+1 ◦ ϕ0,n(z)| < cn+1/2, hence both ϕ0,n+1(z) and Tn,n+1 ◦ ϕ0,n(z) are in 12∆).
Hence the holomorphic mappings Tj,0 ◦ ϕ0,j(z) converge uniformly on rB to a holo-
morphic function h0 ∈ Tang1(CN , 0) (and univalent for the Hurwitz Theorem in several
variables). Likewise,
Tj,n ◦ ϕn,j(z)→ hn(z).
Each hn is bounded by
1 +
∞∑
n=0
Crkβ
(
ckβ
)n
,
hence they form a normal family. Moreover
hm ◦ ϕn,m = lim
j→∞
Tj,m ◦ ϕm,j ◦ ϕn,m = lim
j→∞
Tn,m ◦ Tj,n ◦ ϕn,j = Tn,m ◦ hn.

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By (5.3), a Loewner chain on tB associated to (ϕn,m) is given by
(Tn,0 ◦ hn)e(z) = lim
m→∞
Tm,0 ◦ ( lim
j→∞
Tj,m ◦ ϕm,j) ◦ ϕn,m(z) = lim
m→∞
Tm,0 ◦ ϕn,m(z). (5.4)
6. Existence of discrete dilation Loewner chains: general case
In this section we show how to conjugate a given discrete dilation evolution family
(ϕn,m; tB) to a nearly-triangular evolution family, by removing all non-resonant terms ap-
plying a parametric version of the Poincare´-Dulac method. This will give as a consequence
the existence of Loewner chains for every discrete dilation evolution family.
Definition 6.1. A real resonance for a matrix A with eigenvalues λi is an identity
|λj| = |λi11 . . . λiNN |,
where ij ≥ 0, and
∑
j ij ≥ 2. If |λj| < 1 for all 1 ≤ j ≤ N , real resonances can occur
only in a finite number. Moreover, if 0 < |λN | ≤ · · · ≤ |λ1| < 1 then the equality
|λj| = |λi11 . . . λiNN |, implies ij = ij+1 = · · · = iN = 0. Let ϕ : tB → CN be a univalent
mapping such that ϕ(z) = Az +O(|z|2), and denote its j-th component as
ϕ(j)(z) = λjzj +
∑
|I|≥2
a
(j)
I z
I ,
where as usual, zI = zi11 · · · ziNN for I = (i1, . . . , iN).We call a monomial a(j)I zI resonant if a
real resonance |λj| = |λI | occurs. A mapping with only resonant monomials is necessarily
triangular.
Proposition 6.2. Let (ϕn,m; tB) be a discrete dilation evolution family. For each i ≥ 2
there exist
(1) an evolution family (ϕin,m) defined on a ball Bi,
(2) a uniformly bounded family (kin) of univalent maps defined on a ball B
′
i ⊂ tB which
conjugates (ϕn,m) to (ϕ
i
n,m),
(3) a triangular evolution family (T in,m) with deg T
i
n,n+1 ≤ i − 1 for all n ≥ 0 and
bounded coefficients such that for all n ≥ 0,
ϕin,n+1 = T
i
n,n+1 +O(|z|i).
Proof. We proceed by induction. For i = 2 it suffices to set ϕ2n,n+1 = ϕn,n+1, k
2
n = id and
T 2n,n+1 = A. Assume the proposition holds for i ≥ 2. Thus there exist (ϕin,m;Bi) and (T in,m)
such that
ϕin,n+1 − T in,n+1 = O(|z|i).
Since deg T in,n+1 ≤ i− 1, we have
ϕin,n+1 − T in,n+1 − P in,n+1 = O(|z|i+1),
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where P in,n+1 is the homogeneous term of ϕ
i
n,n+1 of degree i. Let R
i
n,n+1 be the polynomial
mapping obtained deleting every non-resonant term from P in,n+1. Define the triangular
evolution family (T i+1n,m) by T
i+1
n,n+1 = T
i
n,n+1 + R
i
n,n+1. First we prove that there exists a
family (kn) of polynomial mappings in Tang1(C
N , 0) with uniformly bounded degrees and
uniformly bounded coefficients satisfying
kn+1 ◦ ϕin,n+1 − T i+1n,n+1 ◦ kn = O(|z|i+1). (6.1)
Let I be a multi-index, |I| = i, and let j be an integer 1 ≤ j ≤ N . Define kI,j,n as the
polynomial mapping whose l-th component is
k
(l)
I,j,n(z) = zl + δljα
(j)
I,nz
I ,
where δlj is the Kronecker delta and α
(j)
I,n ∈ C is to be chosen. Denote the j-th component of
ϕn,n+1 as λjzj+
∑
|I|≥2 a
(j)
I,n,n+1z
I . In the case |λj| = |λI |, that is when every a(j)I,n,n+1zI with
a
(j)
I,n,n+1 6= 0 is resonant, set α(j)I,n = 0 for each n. In the case |λj| 6= |λI |, by imposing the
vanishing of terms in zI in the left-hand side of equation (6.1) we obtain the homological
equation:
λIα
(j)
I,n+1 + a
(j)
I,n,n+1 = λjα
(j)
I,n. (6.2)
We have thus a recursive formula for α
(j)
I,n in the non-resonant case:
α
(j)
I,n+1 =
λjα
(j)
I,n − a(j)I,n,n+1
λI
,
which gives
α
(j)
I,n = α
(j)
I,0
(
λj
λI
)n
− a
(j)
I,0,1
λI
(
λj
λI
)n−1
− a
(j)
I,1,2
λI
(
λj
λI
)n−2
− · · · − a
(j)
I,n−1,n
λI
. (6.3)
Since by Cauchy estimates (a
(j)
I,n,n+1) is a bounded sequence, if |λj| < |λI | then (α(j)I,n) is
bounded regardless of our choice for α
(j)
I,0 ∈ C, so we can set α(j)I,0 = 0. In the case |λj| > |λI |
we have to choose α
(j)
I,0 suitably in order to obtain a bounded sequence. Divide (6.3) by
(λj/λ
I)n:
α
(j)
I,n
(
λI
λj
)n
= α
(j)
I,0 −
a
(j)
I,0,1
λI
(
λI
λj
)
− a
(j)
I,1,2
λI
(
λI
λj
)2
− · · · − a
(j)
I,n−1,n
λI
(
λI
λj
)n
, (6.4)
and set
α
(j)
I,0 =
∞∑
m=1
a
(j)
I,m−1,m
λI
(
λI
λj
)m
,
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which converges since (a
(j)
I,n,n+1) is a bounded sequence. With this choice,
α
(j)
I,n
(
λI
λj
)n
=
∞∑
m=n+1
a
(j)
I,m−1,m
λI
(
λI
λj
)m
,
so that
α
(j)
I,n =
∞∑
m=n+1
a
(j)
I,m−1,m
λI
(
λI
λj
)m−n
,
hence (α
(j)
I,n) is also bounded. Fix an order on the set {(I, j) : |I| = i, 1 ≤ j ≤ N} and
define the mapping kn as the ordered composition of all kI,j,n with |I| = i, 1 ≤ j ≤ N .
It is easy to check that (kn) is a family of polynomial mappings in Tang1(C
N , 0) with
uniformly bounded degree and uniformly bounded coefficients satisfying (6.1).
Lemma 2.5 yields a ball rB ⊂ D such that every kn is univalent on rB, and a ball
sB such that sB ⊂ kn(rB) for all n ≥ 0. On sB we can define a family of holomorphic
mappings
ϕi+1n,n+1 = kn+1 ◦ ϕin,n+1 ◦ k−1n .
By Lemma 2.3 there exists a ball Bi+1 invariant for each ϕ
i+1
n,n+1. Hence (ϕ
i+1
n,n+1;Bi+1) is a
discrete evolution family. Since (kn) is an equicontinuous family, there exists a ball uB such
that kn(uB) ⊂ Bi+1 for all n ≥ 0, so that (kn) conjugates (ϕin,n+1;Bi) to (ϕi+1n,n+1;Bi+1):
kn+1 ◦ ϕin,n+1 = ϕi+1n,n+1 ◦ kn.
Since (6.1) holds by construction, we have
ϕi+1n,n+1 ◦ kn − T i+1n,n+1 ◦ kn = O(|z|i+1),
that is,
ϕi+1n,n+1 − T i+1n,n+1 = O(|z|i+1).
The family (ki+1n ) conjugating (ϕn,m) to (ϕ
i+1
n,m) is obtained by composing for each n ≥ 0
the conjugation mappings kin given by inductive hypothesis with the conjugation mappings
kn. Indeed since the family (k
i
n) is equicontinuous by inductive hypothesis, there exists a
ball B′i+1 such that k
i
n(B
′
i+1) ⊂ uB for all n ≥ 0. Let (ki+1n ) be the family of mappings
defined on B′i+1 by (kn ◦ kin), then
ki+1n+1 ◦ ϕn,n+1 = (kn+1 ◦ kin+1) ◦ ϕn,n+1 = kn+1 ◦ ϕin,n+1 ◦ kin
= ϕi+1n,n+1 ◦ (kn ◦ kin)
= ϕi+1n,n+1 ◦ ki+1n .

Remark 6.3. Let q be the smallest integer such that |λq1| < |λN |. Then no term of P qn,n+1
can be resonant. Hence T in,n+1 = T
q
n,n+1 for any i ≥ q.
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Proposition 6.4. A discrete dilation evolution family (ϕn,m; tB) admits an associated
normalized Loewner chain (fn) such that
⋃
n fn(tB) = C
N . If no real resonances occur
(fn) is a normal chain.
Proof. Denote (Tn,m) = (T
q
n,m), where q is the smallest integer such that |λq1| < |λN |.
Let β be the constant given by Lemma 4.2 for (Tn,m), and let l be an integer such that
|λ1|l < 1β . Let (ϕln,m;Bl) be the evolution family given by Proposition 6.2. We can apply
Proposition 5.5 obtaining a uniformly bounded family (hn) given by
hn = lim
m→∞
Tm,n ◦ ϕln,m,
defined on a ball rB ⊂ Bl, which conjugates (ϕln,m;Bl) to (Tn,m).
Thus a Loewner chain associated to (ϕln,m;Bl) is given by the mappings
(Tn,0 ◦ hn)e = lim
m→∞
Tm,0 ◦ ϕln,m.
Since (kln) conjugates (ϕn,m; tB) to (ϕ
l
n,n+1;Bl), a Loewner chain associated to (ϕn,m; tB)
is given by
fn = ((Tn,0 ◦ hn)e ◦ kln)e = lim
m→∞
Tm,0 ◦ klm ◦ ϕn,m.
Now we prove
⋃
n fn(tB) = C
N . Since the family (kln) is equicontinuous, there exists a
ball uB ⊂ tB such that kln(uB) ⊂ rB for all n ≥ 0. On uB,
fn = Tn,0 ◦ hn ◦ kln.
The sequence hn ◦ kln is uniformly bounded, hence Lemma 2.5 yields the existence of a
ball V contained in each hn ◦ kln(uB). Thus⋃
n
fn(tB) ⊇
⋃
n
Tn,0(V ) = C
N .
If no real resonances occur then Tn,m(z) = A
m−nz, hence
fn = lim
m→∞
A−mklm ◦ ϕn,m.
As above we have that on uB, the sequence
Anfn = lim
m→∞
(
An−mϕln,m
) ◦ kln
is uniformly bounded. Let sB be a ball contained in tB. Lemma 2.4 yields an integer jn
such that ϕn,jn(sB) ⊂ uB and jn − n does not depend on n. From
Anfn = A
n−jnAjnfjn ◦ ϕn,jn
we see that Anfn is uniformly bounded on sB, hence it is a normal family. 
RESONANCES IN LOEWNER EQUATIONS 17
7. Essential uniqueness
Proposition 7.1. Let (ϕn,m; tB) be a discrete dilation evolution family, and let (fn) be
the Loewner chain given by Proposition 6.4. A family of holomorphic mappings (gn) is a
subordination chain associated to (ϕn,m) if and only if there exists an entire mapping Ψ
on CN such that
gn = Ψ ◦ fn.
Proof. Set Ψn = gn ◦ f−1n . If m > n,
Ψm|fn(tB) = Ψn, (7.1)
as it is clear from the following commuting diagram
CN
id //
CN
tB
ϕn,m //
fn
OO
gn

tB
fm
OO
gm

CN
id //
CN .
Therefore by (7.1) we can define on CN =
⋃
n fn(tB) a mapping Ψ setting
Ψ|fn(tB) = Ψn.
This proves the first statement, and the converse is trivial. 
8. Continuous case
Let Λ be a complex (N ×N)-matrix
Λ = Diag(α1, . . . , αN), where ReαN ≤ · · · ≤ Reα1 < 0. (8.1)
Definition 8.1. We define a dilation evolution family as a family (ϕs,t)0≤s≤t of holomor-
phic self-mappings of the unit ball B ⊂ CN such that for any 0 ≤ s ≤ u ≤ t,
ϕs,s = idB, ϕs,t = ϕu,t ◦ ϕs,u, ϕs,t(z) = eΛ(t−s)z +O(|z|2).
Definition 8.2. A family (fs)s≥0 of holomorphic mappings fs : B → CN is called a sub-
ordination chain if fs is subordinated to ft when s ≤ t. If a subordination chain admits
as transition mappings a dilation evolution family (ϕs,t) we say that (fs) is associated to
(ϕs,t). We define a dilation Loewner chain as a subordination chain such that each fs is
univalent and
fs(z) = e
−Λsz +O(|z|2).
A dilation Loewner chain is normal if (eΛsfs) is a normal family.
18 L. AROSIO
Definition 8.3. We define a dilation Herglotz vector field H(z, t) as a function H : B×
[0,+∞)→ CN such that for all z ∈ B the mapping H(z, ·) is measurable, and such that
H(·, t) is a holomorphic mapping for a.e. t ≥ 0 satisfying
H(z, t) = Λz +O(|z|2), Re 〈H(z, t), z〉 ≤ 0 ∀z ∈ B.
Lemma 8.4. Let kB be the Kobayashi metric of B. Given a dilation evolution family (ϕs,t),
a dilation Loewner chain (fs) and a dilation Herglotz vector field H(z, t) the following
hold: to each T > 0 and to any compact set K ⊂ B there correspond positive constants
cT,K , CT,K and kT,K such that for all z ∈ K and 0 ≤ s ≤ t′ ≤ t ≤ T,
(1) kB(ϕs,t(z), ϕs,t′(z)) ≤ cT,K(t− t′),
(2) |fs(z)− ft(z)| ≤ kK,T (t− s),
(3) |H(z, t)| ≤ CK,T .
Therefore (ϕs,t) is an L
∞-evolution family, (fs) is an L
∞-Loewner chain, and H(z, t) is
an L∞-Herglotz vector field, in the sense of [1][4].
Proof. Let H(z, t) be a dilation Herglotz vector field. By Lemma 1.2 [10], we have on rB
|H(z, t)| ≤ 4r
(1− r)2‖Λ‖.
Hence H(z, t) is an L∞-Herglotz vector field. For (ϕs,t) and (fs), see the proof of [10,
Theorem 2.8]. 
Recall if (ϕs,t) is an L
∞-evolution family, each mapping ϕs,t is univalent [4, Proposition
5.1]. If we restrict the time to integer values in a dilation evolution family (ϕs,t) we
obtain the discretized dilation evolution family (ϕn,m). We have Az = d0ϕn,n+1(z) =
(eα1z1, . . . , e
αN zN ) = e
Λz. In the continuous framework a real resonance is an identity
Re (
N∑
j=1
kjαj) = Reαl,
where kj ≥ 0 and
∑
j kj ≥ 2. It is easy to see that a continuous real resonance corresponds
to a real resonance for the discretized evolution family.
Lemma 8.5. Let (ϕs,t) be a dilation evolution family, and let (ϕn,m) be its discretized
evolution family. Assume there exists a discrete Loewner chain (fn) associated to (ϕn,m).
Then we can extend it in a unique way to a dilation Loewner chain associated to (ϕs,t).
If (fn) is a normal Loewner chain, then also (fs) is normal.
Proof. Define for s ≥ 0,
fs = fj ◦ ϕs,j,
where j is an integer such that s ≤ j. The mapping fs is well defined. Indeed, let j < k,
then
fj ◦ ϕs,j = fk ◦ ϕj,k ◦ ϕs,j = fk ◦ ϕs,k.
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The family (fs) is a subordination chain: indeed if 0 ≤ s ≤ t ≤ j, then
fs = fj ◦ ϕs,j = fj ◦ ϕt,j ◦ ϕs,t = ft ◦ ϕs,t.
Moreover each fs is univalent and d0fs(z) = e
−Λsz, thus Lemma 8.4 yields that (fs) is a
dilation L∞-Loewner chain. Assume (eΛnfn) is a normal family. If 0 < r < 1 this family is
uniformly bounded on rB. For each s ≥ 0 define ms as the smallest integer greater than
s. We have
eΛsfs = e
Λsfms ◦ ϕs,ms = eΛ(s−ms)eΛmsfms ◦ ϕs,ms,
which is uniformly bounded on rB since ms−s is smaller than 1. Hence (eΛsfs) is a normal
family. 
The following result generalizes Theorem 2.3 in [10] and Theorem 3.1 in [7], where the
hypothesis 2Reα1 < ReαN implies that no real resonances can occur (however in such
papers the authors consider non-necessarily diagonal Λ).
Theorem 8.6. Let (ϕs,t) be a dilation evolution family. Then there exists a dilation
Loewner chain (fs) associated to (ϕs,t), such that
⋃
s fs(B) = C
N . If no real resonances
occur then (fs) is a normal chain. A family of holomorphic mappings (gs) is a subordina-
tion chain associated to (ϕs,t) if and only if there exists an entire mapping Ψ on C
N such
that
gs = Ψ ◦ fs.
Proof. The result follows by applying Proposition 6.4 to the discretized evolution family
associated to (ϕs,t), then Lemma 8.5 and Proposition 7.1. 
Remark 8.7. For (fs) we have the expression (with notations as in Proposition 6.4)
fs(z) = lim
m→∞
Tm,0 ◦ klm ◦ ϕs,m(z).
If we assume 2Reα1 < ReαN then no real resonances can occur. Thus in this case
Tm,0(z) = A
−mz = e−Λmz, so that the constant β given by Corollary 4.4 can be taken equal
to ‖A−1‖ = 1/λN . Hence |λ1|l < 1/β holds for l = 2. Therefore we can use Proposition
5.5 directly, obtaining
fs(z) = lim
m→∞
e−Λmϕs,m(z),
in agreement with Theorem 2.3 of [10].
Recall [10, Theorem 2.1] that if H is a dilation Herglotz vector field, the Loewner ODE{
•
z(t) = H(z, t)
z(s) = z
(8.2)
has a unique solution t 7→ ϕs,t(z), and (ϕs,t) is a dilation L∞-evolution family.
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Definition 8.8. The partial differential equation
∂ft(z)
∂t
= −dzftH(z, t) t ≥ 0, z ∈ B,
where H(z, t) is a dilation Herglotz vector field, is called the Loewner PDE.
With these notations, Theorem 8.6 can be rephrased as
Theorem 8.9. Let H be a dilation Herglotz vector field, and let t 7→ ϕs,t be the solution of
the associated Loewner ODE. Then if (fs) is the Loewner chain associated to the dilation
L∞-evolution family (ϕs,t) given by Theorem 8.6, the mapping t 7→ ft is a solution for the
Loewner PDE
∂ft(z)
∂t
= −dzftH(z, t).
Moreover, a family (gs) of holomorphic mappings on the ball satisfies
(1) the mapping t 7→ gt is locally absolutely continuous in t, uniformly on compacta
with respect to z ∈ B,
(2) the mapping t 7→ gt solves the Loewner PDE,
if and only if there exists an entire mapping Ψ on CN such that
gs = Ψ ◦ fs.
Proof. It suffices to recall that such a t 7→ gt satisfies the Loewner PDE if and only if (gs)
is a subordination chain associated to (ϕs,t). See the proof of [7, Theorem 3.1]. 
Remark 8.10. A dilation evolution family (ϕs,t) is called periodic if ϕs,t = ϕs+1,t+1, for
all 0 ≤ s ≤ t. For periodic dilation evolution families the pure real resonances, that is
real resonances which are not complex resonances, are not obstructions to the existence
of a normal Loewner chain. Namely if (ϕs,t) is a periodic dilation evolution family and no
complex resonances occur, then there exists a normal Loewner chain (fs) associated to
(ϕs,t). Indeed it is easy to see that by the Poincare´ Theorem [17, pp. 80–86] the discretized
evolution family (ϕn,m) = (ϕ
◦(m−n)
0,1 ) admits a discrete normal Loewner chain (fn). Lemma
8.5 yields then a normal Loewner chain (fs).
9. Counterexamples
1. Let Λ = Diag(α1, α2). If (ϕs,t) is a dilation evolution family such that ϕs,t = e
Λ(t−s)z+
O(|z|2) and 2Reα1 < ReαN , then by Lemma 2.12 in [7] there exists a unique normal
Loewner chain associated to (ϕs,t). This is no longer true when 2Reα1 ≥ ReαN . Indeed,
consider on B ⊂ C2 the linear dilation evolution family defined by
ϕs,t(z) = e
Λ(t−s)z = (eα1(t−s)z1, e
α2(t−s)z2).
The family (e−Λsz) is trivially a normal Loewner chain associated to (eΛ(t−s)z). The uni-
valent family
ks(z) = (z1, z2 + e
(α2−2α1)sz21),
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satisfies kt◦eΛ(t−s)z = eΛ(t−s)ks(z). Since Reα2 ≤ 2Reα1, it is a uniformly bounded family,
thus (e−Λsks) is another normal Loewner chain associated to (e
Λ(t−s)z).
2. Let Λ = Diag(α1, α2), α2 = 2α1. There exists a dilation evolution family (ϕs,t) such
that ϕs,t = e
Λ(t−s)z+O(|z|2), which does not admit any associated normal Loewner chain.
Indeed, for c ∈ C∗ small enough, the family (ψt) defined by
ψt(z) = (e
α1tz1, e
α2t(z2 + ctz
2
1))
is a semigroup on B ⊂ C2. Thus
ϕs,t(z) = ψt−s(z)
defines a dilation evolution family. Assume by contradiction there exists a normal Loewner
chain (fs) associated to (ϕs,t). The family (hs) = (e
Λsfs) satisfies ht ◦ ϕs,t = eΛ(t−s)hs, so
in particular
ht ◦ ϕ0,t = eΛth0. (9.1)
Let as be the coefficient of the term z
2
1 in the second component of hs. Then imposing
equality of terms in z21 in equation (9.1) we find e
α2tct + ate
2α1t = a0e
α2t, hence
at = e
(α2−2α1)t(a0 − ct),
which gives at = a0 − ct, so that (hs) cannot be a normal family.
3. Let A = Diag(λ1, λ2), |λ1|2 = |λ2|, λ21 6= λ2. There exists a discrete dilation evolution
family (ϕn,m) such that ϕn,n+1(z) = Az + O(|z|2), which does not admit any associated
discrete normal Loewner chain. Indeed, if r > 0 is sufficiently small, given any sequence
(an,n+1) in rB there exists a discrete dilation evolution family defined by
ϕn,n+1(z) = (λ1z1, λ2z2 + an,n+1z
2
1).
Assume by contradiction there exists a normal Loewner chain (fn) associated to (ϕn,m).
The family (hn) = (A
nfn) satisfies
hn+1 ◦ ϕn,n+1 = Ahn. (9.2)
Let αn be the coefficient of the term z
2
1 in the second component of hs, and set ζ = λ
2
1/λ2.
Then imposing equality of terms in z21 in equation (9.2) we obtain as in (6.4) the recursive
formula
αnζ
nλ21 = α0λ
2
1 − a0,1ζ − a1,2ζ2 − · · · − an−1,nζn.
For 1 ≤ j ≤ 8 define Cj = {ζ ∈ S1 : 2pi(j − 1)/8 ≤ arg z ≤ 2pij/8}. There exists a Cj
which contains the images of a subsequence (ζkn). Set
am−1,m =
{
r/2, if there exists n such that m = kn,
0, otherwise,
(9.3)
then the sequence (
∑n
j=0 aj−1,jζ
j) is not bounded, hence the sequence (αn) is also not
bounded. Thus for (ϕn,m) no normal family (hn) can solve (9.2).
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4. There exists a discrete evolution family (ϕn,m) on B
3 ⊆ C3 which does not admit
any associated discrete Loewner chain. Indeed, by [9] there exists a complex manifold M
which is an increasing union of open sets Mn each of which biholomorphic to the ball B
3
by means of a biholomorphism fn : B
3 →Mn, with the property that M is not Stein. By
[2] this implies that M cannot be embedded into C3 as an open set.
Define ϕn,n+1 = f
−1
n+1 ◦ fn for all n ≥ 0. Then (ϕn,m) is a discrete evolution family
which does not admit any associated discrete Loewner chain (gn). Indeed, if such a family
existed, then M would be biholomorphic to the open subset of C3 given by
⋃
n gn(B
3).
This suggests the following (open) question: does such a discrete evolution family embed
into some L∞-evolution family on B3?
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